Abstract: We investigate a supersymmetric extension of the Minimal Supersymmetric Standard Model (MSSM), called the TNMSSM, containing a SU (2) Higgs triplet (T ) of Y = 0 hypercharge and a singlet superfields (Ŝ) in the corresponding superpotential. The model can be viewed, equivalently, as an extension of the NMSSM with the addition of aT −Ŝ interaction and of an extra coupling of the triplet to the two Higgs doublets of the NMSSM. In this scenario the Higgs particle spectrum at tree-level gets additional mass contributions from the triplet and singlet scalar components respect to the MSSM, which are particularly enhanced at low tan β. We calculate the one-loop Higgs masses for the neutral physical Higgs bosons by a Coleman-Weinberg effective potential approach. In particular, we investigate separately the impact of the radiative corrections due to the electroweak, gauge-gaugino-higgsino, fermion-sfermion and Higgs self-interactions to the Higgs masses. Due to the larger number of scalars and of triplet and singlet couplings, the Higgs corrections can be larger than the strong corrections. This reduces the amount of fine-tuning required to fit the recent Higgs data. Using the expressions of the beta-functions of the model, we show that the large triplet singlet coupling remains perturbative up to ∼ 10 8−10 GeV. The model is also characterized by a light pseudoscalar in the spectrum, which is a linear combination of the triplet, doublet and singlet CP-odd components. We discuss the production and decay signatures of the Higgs bosons in this model, including scenarios with hidden Higgses, which could be investigated at the LHC in the current run.
Introduction
With the recent discovery of the Higgs boson at the Large Hadron Collider, the mechanism responsible for the breaking of the electroweak symmetry has finally been uncovered and it has been shown to involve at least one scalar field along the lines of the Standard Model (SM) description. This discovery has removed, at least in part, previous doubts about the real existence of a scalar with Higgs-like properties in our Universe. Both the CMS [1, 2] and the ATLAS [3] experimental collaborations have confirmed the discovery of a Higgs boson, by an analysis of the γγ, ZZ * , and W W * decay channels of the Higgs particle -as predicted by the Standard Model (SM) -at a confidence level of more than 5σ, except for the W W * decay rate, which has been recorded with a 4.7σ accuracy by CMS [2] . The fermionic decay modes, instead, have still to reach the 5σ accuracy, and show some disagreement in the results elaborated by the two experimental collaborations. Clearly, the disagreement of the experimental results with the predictions from the SM opens the possibility of further investigation of the Higgs sector. For such reasons, it is widely believed that the SM is not a complete theory, being not able, for instance, to account for the neutrino masses, but also for being affected, in the scalar sector, by the gauge hierarchy problem [4] . The widespread interest in the study of a possible supersymmetric extension of this model has always being motivated with the goal of finding a natural and elegant solution to this problem. In fact, supersymmetry protects the Higgs mass from the undesired quadratic divergences introduced by the radiative corrections in the scalar sector of the SM, and it does so by the inclusion of superpartners. In the minimal supersymmetric extension of the SM (MSSM) the conditions of analyticity of the superpotential and of absence of the gauge anomalies require a minimal extensions of the scalar sector with two Higgs superfields, in the forms of SU (2) doublets carrying opposite hypercharges (Y ). Supersymmetric extensions are, in general, characterized by a large set of additional parameters which render their phenomenological study quite involved. For this reason, in the near past, the interest has turned towards models, such as the constrained minimal supersymmetric extension (cMSSM/mSUGRA), with only 5 new parameters, generated at a large supergravity scale, quite close to the Planck scale [5] .
Unlike the SM case, in the MSSM the tree-level mass of the lightest Higgs (h 1 ) m h 1 is not a free parameter but it is constrained to lay below the mass of the Z gauge boson, m Z (m h 1 ≤ m Z ). This constraint has been in tension with the results of the experimental searches at LEP-2 which have failed to detect any CP-even Higgs below m Z and which had established a lower bound of 114.5 GeV for the SM Higgs boson [6] . With the recent discovery of a CP-even Higgs boson around 125 GeV [1] [2] [3] the resolution of this conflict is, therefore, mandatory.
Even in this unfavourable situation, supersymmetric scenarios remain popular due their naturalness and for having a dark matter candidate in theories with a conserved R-parity symmetry [7] . To avoid the conflict between the MSSM prediction for the Higgs and the LHC results, one needs to consider the effect of the radiative corrections which could lift the bound on the Higgs mass in this model. It has been shown -and it is now well knownthat in the case of the MSSM the significant radiative corrections come from the stop-top corrections, specially at low tan β, due to large Yukawa couplings and to the presence of colour charges. This has triggered analysis envisioning scenarios with a heavy stop, which require a very high supersymmetric (SUSY) scale for the most constrained supersymmetric models like mSUGRA/cMSSM, AMSB, etc [8] . In the case of the phenomenological MSSM (pMSSM) there are two possibilities: a very large third generation SUSY mass scale and/or a large splitting between the stop mass eigenstates [9] . The second case leads to large soft trilinear couplings > ∼ 2 TeV [9] , which brings back the fine-tuning problem in a different way. A possible way to address the fine tuning problem is to consider an extended Higgs sector. In this respect, there are some choices which could resolve it, based on the inclusion of one singlet [10] and of one or more triplet superfields of appropriate hypercharges [11] . In particular, the addition of a Y = 0 hypercharge superfield gives large tree-level as well as one-loop corrections to the Higgs masses, and relaxes the fine tuning problem of the MSSM by requiring a lower SUSY mass scale [12, 13] . There are some special features of these extensions which are particularly interesting and carry specific signatures. For instance, the addition of a (Y = 0, ±2 hypercharge) -(SU (2) triplet) Higgs sector induces H ± − W ∓ − Z couplings mediated by the non-zero vacuum expectation value (vev) of the Higgs triplet, due to the breaking of the custodial symmetry [14, 15] . Other original features of the Y = ±2 hypercharge triplets are the presence of doubly charged Higgs in the spectrum [16] . There are also other significant constraints which are typical of these scenarios, and which may help in the experimental analysis. In the supersymmetric Higgs triplet extension, the vev of the triplet v T is highly constraints by the ρ parameter [17] , which leads to v T 5 GeV in the case of Y = 0 triplets. In the same case, this value of v T can account for the value of the mixing parameter µ D of the 2-Higgs doublets (or µ-term), which remains small in the various possible scenarios. Another dynamical way to generate a µ D term is by adding a SM gauge singlet superfield to the spectrum [10] , as in the NMSSM. Thus a triplet-singlet extended supersymmetric SM built on the superpotential of the MSSM, can address both the fine tuning issue and resolve, at the same time, the problem of the µ-term of the two Higgs doublets [18] [19] [20] . In this work we are going to investigate these extensions, presenting results on the spectrum of these models. We will also see that the addition of a discrete symmetry in this model removes the mass terms from the superpotential and its continuum limit generates a NambuGoldstone pseudoscalar particle in the spectrum, characterising some of its most significant features. A more thorough analysis of this specific aspect will be presented elsewhere. The goal of our study is to investigate the allowed region of their parameter space in view of the experimental constraints emerging from the recent experimental results at the LHC. Our work is organized as follows. We start by introducing a scale invariant superpotential which is MSSM-like, but with the inclusion of a Y = 0 Higgs triplet and of an extra SM gauge singlet superfield. In section 2 we detail the model. In section 3 we investigate both the possibility of generating a tree-level Higgs mass around 125 GeV due to the extra contributions from the triplet and the singlet, and the possibility of hidden Higgs bosons. Section 4 describes the strong and weak sectors of the model, followed by a discussion of the strong and weak contributions to the radiative corrections of the Higgs masses in section 5. We address in section 6 the perturbative running of the couplings as we vary the scale of the theory, and in section 7 we examine the issue of fine-tuning in this model. A study of the light pseudoscalar state is investigated in section 8. Finally, in section 9 we take into account the constraints from the LHC Higgs data and LEP data to find out the phenomenological parameter space. In section 10 the new possible production and decay channels are given along with the signatures that could be tested at the LHC and at the future colliders. In section 11 we present our conclusions, summarizing our results and elaborate on possible extensions of this work. We have left to an appendix both the expressions of the renormalization group equations of the dimensionless couplings and the tree-level vertices of the Higgs sector.
The Model
We consider a scale invariant superpotential W T N M SSM with an extended Higgs sector containing a Y = 0 SU(2) tripletT and a SM gauge singletŜ (see [18, 19] ) on top of the superpotential of the MSSM. We recall that the inclusion of the singlet superfield on the superpotential of the MSSM realizes the NMSSM superpotential. We prefer to separate the complete superpotential of the model into a MSSM part,
where "·" denotes a contraction with the Levi-Civita symbol ij , with 12 = +1, and combine the singlet superfield (Ŝ) and the triplet contributions into a second superpotential
3)
The triplet and doublet superfields are given bŷ
0T + 2
HereT 0 is a complex neutral superfield, whileT In any scale invariant supersymmetric theory with a cubic superpotential, the complete Lagrangian with the soft SUSY breaking terms has an accidental Z 3 symmetry, the invariance after the multiplication of all the components of the chiral superfield by the phase e 2πi/3 . Such terms are given by
while the D-terms are given by
In this article we assume that all the coefficients involved in the Higgs sector are real in order to preserve CP invariance. The breaking of the SU (2) L × U (1) Y electroweak symmetry is obtained by giving real vevs to the neutral components of the Higgs fields
which give mass to the W ± and Z bosons
and also generate the
The non-zero triplet contribution to the W ± mass leads to a deviation of the tree-level expression of the ρ parameter
Thus the triplet vev is strongly constrained by the global fit on the measurement of the ρ parameter [17] ρ = 1.0004 10) which restricts its value to v T ≤ 5 GeV. In our numerical analysis we have chosen v T = 3 GeV.
Tree-level Higgs masses
To determine the tree-level mass spectrum, we first consider the tree-level minimisation conditions,
where we have defined the vacuum parameterizations of the fields in the Higgs sector as
from which the soft-breaking masses are derived in the form
The neutral Higgs bosons are combination of doublets, triplet and singlet, whereas the charged Higgses are a combination of doublets and triplet only. We will denote with m h i the corresponding mass eigenvalues, assuming that one of them will coincide with the 125 GeV Higgs (h 125 ) boson detected at the LHC. The scenarios that we consider do not assume that this is the lightest eigenvalue which is allowed in the spectrum of the theory. Both scenarios with lighter and heavier undetected Higgs states will be considered. In particular, we will refer to those in which one or more Higgses with a mass lower than 125 GeV is present, to hidden Higgs scenarios. At tree-level the maximum value of the lightest neutral Higgs has additional contributions from the triplet and the singlet sectors respectively. The numerical value of the upper bound on the lightest CP-even Higgs can be extracted from the relation 8) which is affected on its right-hand-side by two additional contributions from the triplet and singlet. These can raise the allowed tree-level Higgs mass. Both contributions are proportional to sin 2β, and thus they can be large for a low value of tan β, as shown in Figure 1 . The plots indicate that for higher values of λ T,S a lightest tree-level Higgs boson mass of ∼ 125 GeV can be easily achieved. For general parameters, the required quantum corrections needed in order to raise the mass bound are thus much smaller compared to the MSSM. In the case of the MSSM, as we have already mentioned, at tree-level m h ≤ m Z , and we need a correction > ∼ 35 GeV to match the experimental value of the discovered Higgs boson mass, which leads to a fine-tuning of the SUSY parameters. In fact, this requires that the allowed parameter space of the MSSM is characterized either by large SUSY masses or by large splittings among the mass eigenvalues. In fact, this requires that the allowed parameter space of the MSSM is characterized either by large SUSY masses or by large splittings among the mass eigenvalues. We have first investigated the tree-level mass spectrum for the Higgs bosons and analysed the prospect of a ∼ 125 GeV Higgs boson 
along with the hidden Higgs scenarios. We have looked for tree-level mass eigenvalues where at least one of them corresponds to the Higgs discovered at the LHC. For this purpose we have performed an initial scan of the parameter space 9) and searched for a CP-even Higgs boson around 100 − 150 GeV, assuming that at least one of the 4 eigenvalues m h i will fall within the interval 123 GeV ≤ m h i ≤ 127 GeV at one-loop. Figure 2 (a) presents the mass correlations between m h 1 and m h 2 , where we have a CPeven neutral Higgs boson in the 100 ≤ m h i ≤ 150 GeV range. The candidate Higgs boson around 125 GeV will be determined at one loop level by including positive and negative radiative corrections in the next section. The mass correlation plot at tree-level shows that there are solutions with very light h 1 , m h 1 ≤ 100 GeV, which should be confronted with LEP data [6] . At LEP were conducted searches for the Higgs boson via the e + e − → Zh and e + e − → h 1 h 2 channels (in models with multiple Higgs bosons) and their fermionic decay modes (h → bb, ττ and Z → ). The higher centre of mass energy at LEP II (210 GeV) allowed to set a lower bound of 114.5 on the SM-like Higgs boson and of 93 GeV for the MSSM-like Higgs boson in the maximal mixing scenario [6] . Interestingly, neither the triplet (in our case) nor the singlet type Higgs boson couple to Z or to leptons (see Eq. (2.2)), and as such they are not excluded by LEP data.
We mark such points with ≥ 90% triplet/singlet components, which can evade the LEP bounds, in green. In Figure 2 (a) one can immediately realize that the model allows for some very light Higgs bosons (m h 1 ≤ 100 GeV). We expect that the possibility of such a hidden Higgs would be explored at the LHC with 14 TeV centre of mass energy, whereas the points where h 1 is mostly a doublet (≥ 90%) could be ruled out by the LEP data. The points with the mixed scenario for h 1 (with doublet, triplet and singlet) are marked in blue. We remark that a triplet of non-zero hypercharge will not easily satisfy the constraints from LEP, due to its coupling to the Z boson.
For the points with m h 1 /a 1 ≤ 100 GeV which are mostly doublet (red ones) it is very hard to satisfy the LEP bounds [6] . This is because, being doublet like, such h 1 would have been produced at LEP and decayed to the fermionic pairs, which have been searched extensively at LEP. On the other hand the singlet and triplet like points (green points) are very difficult to produce at LEP due to the non-coupling to Z boson, which was one of the dominant production channel. This is true for both e + e − → Zh 1 and e + e − → h 1 a 1 . Such triplet and singlet like points will reduce the decay widths in charged lepton pair modes due to non-coupling with fermions. These make the green points more suitable candidate for the hidden Higgs bosons, both for the CP-even and CP-odd. However such parameter space would be highly constrained from the data of the discovered Higgs boson around 125 GeV at the LHC. So far the discovery of the Higgs boson at the LHC has reached 5σ or more in the channels h 125 → γγ, W W * , ZZ * . Effectively this could be satisfied by the candidate Higgs around 125 GeV which is mostly doublet like and its decay branching fractions should be within the uncertainties give by CMS and ATLAS experiments at the LHC. Such requirements rule out vast number of parameter points, including some the triplet and/or signet like hidden Higgs boson(s). In section 9 we consider such constrains coming from the Higgs data at LHC and the existing data from LEP. Figure 2 (b) shows the mass correlation between h 3 and h 4 for the the same region (3.9) of the parameter space. We see that although there are points characterized by a mass m h 3 lighter than 500 GeV, states with m h 4 ≤ 500 GeV are less probable. Figure 3 shows the mass correlations of the CP-odd neutral Higgs bosons. Specifically, Figure 3 (a) presents the analysis of the mass correlation between a 1 and a 2 . The plot shows that there exists the possibility of having a pseudo-scalar a 1 lighter than 100 GeV, accompanied by a CP-even ∼ 125 GeV Higgs boson. Note that a very light pseudoscalar Higgs in the MSSM gets strong bounds from LEP [6] . In this case, for a high tan β, the pair production process e + e − → hA, where A is the pseudoscalar of the MSSM, is the most useful one, providing limits in the vicinity of 93 GeV for m A [6] . In the TNMSSM instead, if the light pseudoscalar Higgs bosons are either of triplet or singlet type then they do not couple to the Z, which makes it easier for these states to satisfy the LEP bounds. For this purpose, points which are mostlytriplet or -singlet (90%) have been marked in green; points which are mostly-doublet (90%) in red, whereas the mixed points have been marked in blue as before. Certainly, mass eigenvalues labelled in green would be much more easily allowed by the LEP data, but they would also be able to evade the recent bounds from the LHC Hτ τ decay mode for a pseudoscalar Higgs [21] . This occurs because neither the triplet nor the singlet Higgs boson couple to fermions (See Eq. (2.2)). Figure 3(b) presents the correlation between a 2 and a 3 where the same colour code applies for the structure of a 2 . As one can easily realize from the figure, there are plenty of green coloured points which represent triplet/singlet type a 2 states, which can easily evade the recent bounds on pseudoscalar states derived at the LHC [21] . Figure 4 shows the correlation of the three charged Higgs bosons for the region in in Figure 4 (a), where the red points correspond to ≥ 90% doublet, while the green points correspond to ≥ 90% triplet and the blue points to doublet-triplet mixed states. Charged Higgs bosons which are mostly triplet-like in their content (the green points) do not couple to the fermions (see Eq. (2.2)), and thus can easily evade the bounds on the light charged Higgs derived at the LHC from the H ± → τ ν decay channel [22] . This kind of triplet charged Higgs boson would also be hard to produce from the conventional decay of the top quark and the new production modes as well as the decay modes will open up due to the new vertex h [15] . Thus vector boson fusion (VBF) with the production of a single charged Higgs is a possibility due to a non-zero h We have used for h ± 2 the same colour conventions as in the previous plots. We see that there are only few triplet type h ± 2 (green points), most of the allowed mass points being doublet-triplet mixed states (blue points).
Strong and weak sectors
The TNMSSM scenario has an additional triplet which is colour singlet and electroweak charged and a singlet superfields (see Eq. (2.2)) not charged under
Therefore, the strong sector of the model is the same of the MSSM, but supersymmetric F-terms affect the fermion mass matrices, and contribute to the off-diagonal terms. It generates additional terms in the stop mass matrix from the triplet and singlet vevs, which will be shown below. These terms are proportional to λ T v T and λ S v S respectively, and allow to generate an effective µ D -term in the model. The triplet contribution is of course restricted, due to the bounds coming from the ρ parameter [17] . Thus, a large effective µ D term can be spontaneously generated by the vev of the singlet, v S . Figure 5 shows the mass splitting between thet 2 andt 1 stops versus λ S , for several v S choices and with A t = 0. Large mass splittings can be generated without a large parameter A t , by a suitably large v S , which is a common choice if the singlet is gauged respect to an extra U (1) [23] , due the mass bounds for the additional gauge boson Z [24] . The mass matrices for the stop and the sbottom are given by 
In the electroweak sector the neutralino (χ 0 i=1,..6 ) and chargino (χ ± i=1,2,3 ) sector are enhanced due to the extra Higgs fields in the superpotential given in (2.2). The neutralino sector is now composed ofB,W 3 ,H u ,H d ,T 0 ,S. The corresponding mass matrix is thus now 6-by-6 and given by
The triplino (T 0 ) and the singlino (S) masses and mixings are spontaneously generated by the corresponding vevs. The triplino and singlino are potential dark matter candidates and have an interesting phenomenology as they do not couple directly to the fermion superfields. The doublet-triplet(singlet) mixing is very crucial in determining the rare decay rates as well as the dark matter relic densities. Unlike the neutralino sector, the singlet superfield does not contribute to the chargino mass matrix, and hence the MSSM chargino mass matrix is extended by the triplets only. The chargino mass matrix in the basis ofW
The chargino decays also have an interesting phenomenology due to the presence of a doublet-triplet mixing.
Higgs masses at one-loop
To study the effect of the radiative correction to the Higgs masses, we calculate the one-loop Higgs mass for the neutral Higgs bosons via the Coleman-Weinberg effective potential given in Eq. (5.1)
where M 2 are the field-dependent mass matrices, µ r is the renormalization scale, and the supertrace includes a factor of (−1) 2J (2J +1) for each particle of spin J in the loop. We have omitted additional charge and colour factors which should be appropriately included. The corresponding one-loop contribution to the neutral Higgs mass matrix is given by Eq. (5.2)
Here, m 2 k is the set of eigenvalues of the field-dependent mass matrices given in the equation above, and we remind that the real components of the neutral Higgs fields are defined as
. For simplicity we drop the supertrace expressions in Eq. (5.2), but for each particle the supertrace coefficient should be taken into account.
Having characterized the entire sector of the TNMSSM, we gear up for the numerical evaluation of the one-loop neutral Higgs masses in the model. We have already seen in Eq. 3.8 that for low tan β the contribution of the radiative corrections required in order to reach the ∼ 125 GeV Higgs mass, overcoming the tree-level bound in (3.7), is reduced. This is due to the additional Higgs and higgsinos running in the loops. In our analysis we have chosen the following subregion of the parameter space
that we have used in the computation of the Higgs boson mass. In this scan, we have included the radiative corrections to the mass eigenvalues at one-loop order of the neutral sector and retained only those sets of eigenvalues which contain one 125 GeV CP-even Higgs. We have selected the range 65 ≤ |M 1,2 | ≤ 1000 in order to avoid the constraints on the Higgs invisible decay and use µ r = 500 GeV for the numerical calculation. Figure 6 shows the radiative corrections to m h 1 as ∆m
, plotted against (a) λ T , (b) λ S and (c) κ respectively. The red points show the corrections to m h 1 from the strong sector, due to the contributions generated by top-stop and bottomsbottom running in the loops. The blue points include the corrections from the weak sector with gauge bosons, gaugino and higgsino, and the black points take into account the total corrections which include strong, weak and the contributions from the Higgs sector. As one can deduce from the plots, the corrections (top-stop, bottom-sbottom) coming from the strong interactions are independent of the triplet and singlet Higgs couplings, as expected, with a maximum split of 50 GeV respect to the tree-level mass eigenvalue. In the triplet-singlet extension we have four CP-even, three CP-odd neutral Higgs bosons and three charged Higgs bosons as shown in Eq. (3.7). These enhance both the Higgs and higgsino contributions to the radiative correction. The weak corrections (blue points) are dominated by the large number of higgsinos which contribute negatively to the mass and tend to increase for large values of the Higgs couplings (λ T,S and κ). Finally, the black points show the sum of all the sectors, which are positive in sign, due to the large number of scalars contributing in the loop, with an extra factor of two for the charged Higgs bosons. This factor of two originates from the CW expression of the potential, and accounts for their multiplicity (±). Such scalar contributions increase with the values of the corresponding couplings λ T , λ S , κ. From Figure 6 one can immeditaley notice that the electroweak radiative corrections could be sufficient in order to fulfill the requirement of a ∼ 125 GeV Higgs mass, without any contribution from the strong sector.
To illustrate this point, in Figure 7 (a) we have plotted the lightest CP-even neutral Higgs mass at one-loop versus the lighter stop mass (mt 1 ). We have used the same color coding conventions of the tree-level analysis. The red points are mostly doublets (≥ 90%), the green points are mostly triplet/singlet(≥ 90%) and blue points are mixed ones, as explained in section 3. The yellow band shows the Higgs mass range 123 ≤ m h 1 ≤ 127 GeV. We notice that a ∼ 125 GeV CP-even neutral Higgs could be achieved by requiring a stop of very low mass, as low as 100 GeV. This is due to the presence of additional treelevel and radiative corrections from the Higgs sectors. Thus, in the case of extended SUSY scenarios like the TNMSSM, the discovery of a ∼ 125 GeV Higgs boson does not put a stringent lower bound on the required SUSY mass scale, and one needs to rely on direct SUSY searches for that.
In Figure 7 (b) we present the dependency of the one-loop corrected Higgs mass of the lightest CP-even neutral Higgs on tan β. The distribution of points is clearly concentrated at low values of tan β < ∼ 4. This is due to the additional contributions on the tree-level Higgs masses, which are maximal in the same region of tan β (see Eq. (3.8)). It is then clear that an extended Higgs sector reduces the amount of fine-tuning [12] needed in order to reproduce the mass of the discovered Higgs boson, compared to constrained supersymmetric scenarios. The latter, in general, require much larger supersymmetric mass scales beyond the few TeV [8] region. Compared to the pMSSM, this also represents an improvement, as it does not require large mixings in the stop masses in order to have the lighter stop mass below a TeV [9] .
Hidden Higgs bosons
Next we investigate the case in which we have one or more hidden Higgs bosons, lighter in mass than 125 GeV, scalars and/or pseudoscalars. In Figure 8 we present the mass correlations at one-loop for (a) m h 1 − m h 2 and (b) m a 1 − m a 2 , where we have a CP-even candidate Higgs boson in the mass range 123 ≤ m h i ≤ 127 GeV. The red points are mostly doublets (≥ 90%), green points are mostly triplets/singlets (≥ 90%) and blue points are mixed ones, as already explained. The green points have a high chance of evading the LEP bounds [6] , showing that the possibility of having a hidden scalar sector is realistic, even after taking into account the radiative corrections to the mass spectrum. A closer inspection of Figure 8 (a) reveals that there are points where both m h 1 and m h 2 are less than 100 GeV, showing that there is the possibility of having two CP-even hidden Higgs bosons. In that case h 3 is the candidate Higgs of ∼ 125 GeV. Similarly, Figure 8 (b) shows the possibility of having two hidden pseduoscalars. The arguments mentioned in section 3 will apply to the Higgs masses at one-loop as well. These imply that for m h 1 /a 1 ≤ 123 GeV, the green points could evade the bounds from LEP and LHC, the red points would be ruled out and the blue points need to be carefully confronted with the data. In section 9 we analyse such scenarios in detail. The lightest pseudoscalar present in the spectrum, as we are going to discuss below, can play a significant role in cosmology. In fact, it is crucial in enhancing the dark matter annihilation cross-section, which is needed in order to get the correct dark matter relic in the universe [25] .
6 β-fuctions and the running of the couplings
We have implemented the model in SARAH (version 4.5.5) [26] in order to generate the vertices and the model files for CalcHep [27] , and generated the β functions for the dimensionless couplings and the other soft parameters. The β functions for λ T,S,T S , κ, g Y , g L , g c , y t,b are given in the appendix A.
To analyse the perturbativity of the couplings we have selected four different scenarios and identified the cut-off scale (Λ) in the renormalization group evolution, where one of the coupling hits the Landau pole and becomes non-perturbative (λ i (Λ) = 4π). Figure 9 (a) presents a mostly-triplet scenario at the electroweak scale as we choose λ T = 0.8, λ S,T S = 0.1, κ = 0.3 at the scale µ 0 = M Z , for tan β = 1.5 (solid lines) and tan β = 10 (dashed lines).
For lower values of tan β (tan β = 1.5) the triplet coupling λ T becomes non-perturbative already at scale of Λ ∼ 10 9−10 GeV, similarly to the behaviour shown in the triplet-extended MSSM [19, 28] . For larger values of tan β (tan β = 10) all the couplings remain perturbative up to the (Grand Unification) GUT scale (Λ ∼ 10 16 GeV). Figure 9 (b) presents the case where λ T,S = 0.8 at µ 0 = M Z . We see that although the tan β dependency becomes less pronounced, the theory becomes non-perturbative at a relatively lower scale Λ ∼ 10 8 GeV.
From Figure 9 (c) it is evident that on top of λ T and λ S if we also choose λ T S = 0.8 at µ 0 = M Z , the tan β dependency almost disappears. In this case the theory becomes more constrained with a cut-off scale Λ ∼ 10 6 GeV.
Finally, Figure 9 (d) illustrates the effect of a larger κ value, the singlet self-coupling, with κ = 2.4 at µ 0 = M Z . The perturbative behaviour of the theory comes under question at a scale as low as 10 4 GeV. Such a large value of κ at the electroweak scale thus restricts the upper scale of the theory to lay below 10 TeV, unless one extends the theory with an extra sector 1 . Choosing relatively lower values of λ T S and κ would allow the theory to stay perturbative until 10 8−10 GeV even with λ T,S as large as 0.8. The choice of larger values of λ T,S increases the tree-level contributions to the Higgs mass (see Eq. (3.8)) as well as the radiative corrections, via the additional Higgs bosons exchanged in the loops. Both of these contributions reduce the amount of supersymmetric fine-tuning, assuming a Higgs boson of ∼ 125 GeV in the spectrum, by a large amount, respect both to a normal and to a constrained MSSM scenario. Obviously, the addition of the triplet spoils the gauge coupling unification under the renormalization group evolution. This features is already evident in the triplet-extended MSSM [19, 28] .
Fine-tuning
The minimisation conditions given in Eq. (3.3) relate the Z boson mass to the soft breaking parameters in the form
It is also convenient to introduce the additional parameter
characterizing the ratio between M 2 Z and µ 2 soft , which can be considered a measure of the fine-tuning. Unlike the MSSM, here the µ eff parameter is generated spontaneously by the singlet and triplet vevs. Notice that while the triplet contribution is bounded by the ρ parameter [17] , the singlet vev is unbounded and it may drive µ eff to a large value. Similarly, the soft parameters m Hu,H d , which are determined by the minimisation condition (3.3), can be very large, and thus can make µ 2 soft also large. Finally, to reproduce the Z boson mass we need large cancellations between these terms, which leads to the well know fine-tuning problem of the MSSM and of other supersymmetric scenarios.
We show in Figure 10 (a) plots of µ 2 soft and −µ 2 eff versus the singlet vev v S for tree-level candidate Higgs masses in the interval 120 ≤ m h 1 ≤ 130 GeV. Figure 10 (b) presents the same plots, but with m h 1 , the candidate Higgs mass, calculated at one-loop. The violet points represent µ 2 soft values for which λ S,T ≥ 0.5, and the points in blue refer to values of µ 2 soft with λ S,T < 0.5. The green points mark values of µ 2 eff with λ S,T ≥ 0.5, and the orange points refer to µ 2 eff values with λ S,T < 0.5. We see that for low λ T,S both µ 2 soft and −µ 2 eff (blue and orange points) are small, so that the required cancellation needed in order to reproduce the Z boson mass is also small. This leads to less fine-tuning, measured by F < 1. Unfortunately, such points are small in numbers in the tree-level case, since they require the extra contributions from the triplet and the singlet in order to reproduce the ∼ 125 GeV Higgs mass. For λ T,S ≥ 0.5 both µ 2 soft and −µ 2 eff (the violet and green points) are both very large, leading to large cancellations and thus to a fine-tuning parameter F ∼ 5 for µ 2 soft , −µ 2 eff ∼ 10 6 . Comparing Figure 10 (a) and Figure 10 (b) we see that the tree-level Higgs mass needs more fine-tuning as µ 2 soft,eff ∼ 10 6 for large λ T,S . The situation improves significantly at one-loop due to the contributions from the radiative corrections. This is due to the fact that there are more solutions with low values of λ T , λ T,S < 0.5, compared to tree-level and, on top of this, (for high and low λ T,S ) the required fine-tuning is reduced (F 2). This fine-tuning measure is a theoretical estimation but it is constrained from the lightest chargino mass bound from LEP (mχ± 1 > 104 GeV), which results in µ eff > 104 GeV and F > ∼ 0.2. We have performed a run of m 2 Hu,H d using the corresponding β-functions for large λ T,S , from electroweak scale (M Z ) up to a high-energy scale ∼ 10 9,10 GeV, where the couplings become non-perturbative. It can be shown that m 2
Hu,H d
, µ 2 soft do not blow up unless the couplings λ T,S hit the Landau pole. The requirement of perturbativity of the evolution gives stronger bounds on the range of validity of the theory and the fine-tuning parameter is a good indicator at the electroweak scale.
In the case of MSSM, the large effective quartic coupling comes from the storng SUSY sectors which also increase m 2
Hu and other parameters. However the situation changes in the case of extended Higgs sectors, which gives additional tree-level as well as quantum corrections to the Higgs masses. These reduce the demand for larger m 2
Hu . In our case there is a singlet and a triplet which contribute largely at the tree-level for low tan β and also contribute at the quantum level. In the case of tree-level Higgs mass, the extra treelevel contributions demand very large λ T,S ∼ 0.8, which in turn make µ eff very large and so the fine-tuning. However in the case of Higgs mass at one-loop, the extra contributions from the extended Higgs sectors are shared by both tree-level and quantum corrections, which reduces the requirement of large λ T,S . This reduces µ eff and so the fine-tuning F.
A light pseudoscalar in the spectrum
In the limit when the A i parameters in Eq. (2.5) go to zero, the discrete Z 3 symmetry of the Lagrangian is promoted to a continuos U (1) symmetry given by Eq. (8.1). This symmetry is spontaneously broken by the vevs of the doublets, triplet and the singlet fields and should contain a physical massless pseudoscalar, a 1 , the Nambu-Goldstone boson of the symmetry. The soft breaking parameters will then lift the mass of a 1 , turning it into a pseudo-Goldstone mode whose mass will depend on the A i . The symmetry takes the form
If this symmetry is softly broken by very small parameters A i of O(1) GeV, we get a very light pseudoscalar [10, 20] which could be investigated at cosmological level. Notice that the vector-like nature of the symmetry decouples this pseudoscalar from any anomalous behaviour. We are going to briefly investigate some features of the a 1 state in the context of the recent Higgs discovery and we will consider two different realizations. In the first case we consider a scenario where such continuous symmetry is broken very softly. In this case we choose the A i parameters to be O(1) GeV. We expect the pseudo-Goldstone boson to be very light, with a mass O(1) GeV. In Figure 11 we show the mass correlation between the lightest CP-even neutral Higgs boson h 1 and the lightest massive CP-odd neutral Higgs boson a 1 . The red points are of doublet type, the green points represent massive states of triplet/singlet type and the blue points represent the mixed contributions to the a 1 pseudoscalar. The violet-yellow band presents the region of parameter space where h 1 is the candidate Higgs, with a mass 123 ≤ m h 1 ≤ 127 GeV. It is rather clear from Figure 11 (a) that there plenty of points in the parameter space where there could be a hidden pseudoscalar Higgs boson along with or without a CP-even hidden scalar. Such a light pseudoscalar boson gets strong experimental bounds from LEP searches [6] and from the bottomonium decay rates [29] . Such light pseudoscalar in the mass range of 5.5 -14 GeV, when it couples to fermions, gets strong bound from the recent CMS data at the LHC [30] . For triplet/singlet green points these bounds can be evaded quite easily since these states do not couple to gauge bosons (the Z boson in the case of a triplet) and to fermions. Of course, for real mass eigenstates the mixing between the doublet-triplet/singlet would be very crucial in the characterization of their allowed parameter space.
For a mass of the a 1 of O(100) MeV, the decay to πγγ, πππ could be an interesting channel to investigate in order to search for this state [31] . The simpler 2-particle decay channel a 1 → ππ is not allowed due to the CP conservation of the model. Due to the singlet/triplet mixing nature of this state, it decays into fermion pairs e + e − , µμ, ττ , if kinematically allowed. Notice that there is no discrete symmetry to protect this state from decaying, preventing it from being a dark matter candidate [32] . Now, if we choose the A i parameters to be of O(1) MeV then we get a very light pseudoscalar boson with mass of the same order, as shown in Figure 11(b) . Such a bosons cannot decay to µμ, ττ kinematically. Following the same reasoning, if its mass is < 1 MeV, then even the a 1 → e + e − channel is not allowed and only the photon channel remains open to its decay. In this case the a 1 resembles an axion-like particle, and can be a dark matter candidate only if its lifetime is larger than the age of the universe [31, 33] . The pseudoscalar, in this case, couples to photons at one-loop, due to its doublet component which causes the state to have a direct interaction with the fermions. We recall that the effective lifetime of a light pseduoscalar decaying into two photons is given by Eq. (8.2) [33] 
where g aγγ is the effective pseduoscalar /fermion coupling which is proportional to the doublet-triplet/singlet mixing. Notice that the a 1 shares some of the behaviour of axionlike particles, which carry a mass that is unrelated to their typical decay constant, and as such are not described by a standard Peccei-Quinn construction. They find a consistent description in the context of extensions of the SM with extra anomalous abelian symmetries [34] [35] and carry a direct anomalous (contact) interaction to photons. Such interaction is absent in the case of a a 1 state. Along with the lightest neutralino of the TNMSSM, this particle can be a dark matter candidate. In the supersymmetic context a similar scenario, with two dark matter candidates has been discussed in [36] . The role of this pseudoscalar state, in the context of the recent results by FERMI about the 1-3 GeV excess gamma-ray signal from the galactic center [25] is under investigation for this model [37] .
∼ 125 GeV Higgs and LHC data
In this section we consider the one-loop Higgs mass spectrum, including only the correction coming from quarks and squarks, in light of recent results from the LHC [1] [2] [3] and the existing data from LEP [6] . In particular, we consider the uncertainties in the decay modes of the Higgs to W W * , ZZ * and γγ in a conservative way [1, 3] . We explore the scenario where one of the CP-even neutral scalars is the candidate ∼ 125 GeV Higgs boson within the mass range 123 ≤ m h i ≤ 127 GeV and investigate the possibilities of having one or more light scalars, CP-even and/or CP-odd, allowed by the LEP data and consistent with the recent Higgs decay branching fractions at the LHC.
We just mention that in the TNMSSM the triplet and the singlet type Higgs bosons do not couple to the Z boson but the triplet couples to the W ± bosons, which result in a modified h i W ± W ∓ vertices given by
where the rotation matrix R S ij is defined in Eq. (B.1). The vertices h i Z Z are given by
where θ W is the Weinberg angle. The Yukawa part of the superpotential is just the MSSM one. Hence the couplings of the CP-even sector to the up/down-type quarks and to the charged leptons are
respectively.
On the other hand, in the Higgs bosons decay into di-photons, there are more virtual particles which contribute in the loop compared to the SM. This is due to the enlarged Higgs and strong sectors which have a non-zero coupling with the photon. In particular there are three charginos (χ ± 1,2,3 ), three charged Higgs bosons (h ± 1,2,3 ), the stops (t 1,2 ) and the sbottoms (b 1,2 ). Compared to the MSSM and the NMSSM we have two additional charged Higgs bosons and one additional chargino which contribute to the decay. The decay rate in the di-photon channel is given by
where N c f,S are the color number of fermion and scalars, Q f,S are the electric charges, in unit of |e|, of the fermions and scalars, and τ i = 
with the analytic continuations
In the limit of heavy particles in the loop, we have A 0 → 1/3, A 1/2 → 4/3 and A 1 → −7. Using the expression above, we study the discovered Higgs boson (h 125 ) decay rate to di-photon in this model. We also check the consistency of light scalar(s) and/or light pseudoscalar(s) with the current data at the LHC and the older LEP data. Such analysis is presented in Figure 12 . Figure 12 (a) shows such hidden Higgs scenarios with one a 1 and/or one h 1 below 123 GeV, which find significant realizations. We first consider the results coming from both CMS and ATLAS in the decay of the Higgs to W W * and ZZ * modes at 1σ [1] [2] [3] and also consider the cross-section bounds from LEP [6] . The allowed mass values are shown as red points for which the lightest CP-even Higgs boson (h 1 ) is the detected Higgs at ∼ 125 GeV. Cleary we see that there are many light pseudo-scalars (≤ 100 GeV) which are allowed. The orange points present the scenario where m h 2 ∼ m 125 and which leaves both h 1 and a 1 hidden (< 125 GeV).
We have performed additional tests of such points and compared them with the results from the decay of the Higgs boson to di-photons at the LHC, both from CMS [38] and ATLAS [39] . The red points (with one hidden Higgs boson) which satisfy h 125 → γγ at 1σ level, are marked as green points. The orange points (with two hidden Higgs bosons) when allowed at 1σ level, have been marked as blue points. Notice that all the points in Figure 12 are allowed at 1σ by the W W * , ZZ * channels and at 2σ by the γγ channel. These requirements automatically brings the fermionic decay modes closer to the SM expectation. Of course the uncertainties of these decay widths give us a room for h 125 → a 1 a 1 /h 1 h 1 .
Notice also the presence of a very light pseudoscalar mass values near a 1 ∼ 0. points in this case correspond to possible a 1 states which do not decay into any charged fermion pair (m a 1 ≤ 2m e ) and have an interesting phenomenology, as briefly pointed out in section 8. The fact that such mass values only allow a decay of this particle to two photons via doublet mixing mediated by a fermion loop, makes the a 1 a possible dark matter candidate, being long lived. Two hidden Higgs bosons render the phenomenology very interesting, allowing both the h 125 → a 1 a 1 and the h 125 → h 1 h 1 decay channels [40, 41] . In Figure 13 we show some of the points in this model as benchmark points (BMP's), which are allowed both by LHC [1, 3] and LEP [6] data. The neutral Higgs spectrum has been calculated at one-loop order and the remaining states at tree-level. Figure 13 (a) shows a point (BMP1) where we have a hidden pseudoscalar (a 1 ) with mass O(10 −1 ) MeV and another triplet/singlet-like hidden CP-even scalar (h 1 ) with a mass around ∼ 93 GeV. In this case the candidate Higgs boson is h 2 , taken around 125 GeV. This point also have a triplet type very light charged Higgs boson at a mass around 90 GeV, which is not excluded by the recent charged Higgs bounds from the LHC [22] . Figure 13 (b) shows a benchmark point (BMP2) where we have a pseudoscalar around 37 GeV, and the lightest scalar and charged Higgs bosons around 100 GeV. Figure 13 (c) shows a trivial (SM-like) solution where we have a doublet-type CP-even Higgs around ∼ 125 GeV, with the other states decoupled. In the next study we are going to analyse such points through a detailed collider simulation [37] .
-- -- Figure 13 . We show the benchmark points of the model which are allowed both by LHC [1, 3] and LEP [6] data. The neutral Higgs spectrum has been calculated at one-loop and the rest of the spectrum at tree-level.
Phenomenology of the TNMSSM
The TNMSSM extends the Higgs sector as well as the electroweak chargino-neutralino sectors by additional higgsino contributions. Both the triplet and singlet fields do not couple to the fermions but affect the phenomenology to a large extent. In the context of the recent Higgs discovery, searches for additional Higgs bosons, both neutral and charged, are timely. In particular, if an extended Higgs sector will be discovered at the LHC, it will be crucial to determine the gauge representation which such states belong to, by investigating its allowed decays modes.
We have seen from Eq. (2.2), that a Y = 0 hypercharged triplet couples to the W ± bosons and contributes to their mass. On the other hand, the singlet does not directly couple to any of the gauge bosons. In the case of Higgs mass eigenstates which carry a doublet-triplet-singlet mixing, we need to look either for their direct production processes Figure 14 . The new and modified production channels for the Higgs bosons at the LHC.
at the LHC or take into consideration the possibility of their cascade production from other Higgses or supersymmetric particles.
Productions
We have detailed a model with a rich Higgs sector with additional Higgs bosons of triplet and singlet type. We recall that the relevant production processes of a Higgs boson which is a SU(2) doublet at the LHC [42, 43] are the gluon-gluon fusion (GGF) and vector boson fusion channels, followed by the channels of associated production of gauge bosons and fermions. In our case, the production channels for the new Higgs bosons are different, due to their different couplings to the gauge bosons and fermions. We list below the possible additional production channels for the neutral and charged Higgs bosons at the LHC.
• Neutral Higgs boson production in association with charged Higgs boson: The triplet only couples to W ± boson. Thus a neutral Higgs (doublet or triplet) can be produced in association with a charged Higgs boson (doublet or triplet) via a W ± exchange. As shown in Figure 14 (a) a light in mass and charged Higgs boson in the TNMSSM can be easily explored by this production channelqq → h i h ± j .
• Neutral Higgs boson production in association with W ± : A triplet or a doublet type neutral Higgs boson can be produced viaqq → W ± h i as shown in Figure 14(b) . A triplet admixture modifies the h i − h ± j − W ∓ couplings by an additional term proportional to the vev of the triplet.
• Charged Higgs boson production in association with W ± : Triplet of Y = 0, ±2 hypercharge has a non-zero tree-level coupling to Z − W ± − h ∓ i . This leads to additional contributions to→ W ± h ∓ i as shown in Figure 14 (c).
• Production of charged Higgs boson in vector boson fusion: The non-zero Z−W ± −h ∓ i coupling leads to vector boson fusion (Z, W fusion) which produces a charged Higgs boson as shown in Figure 14(d) . This mode is absent in 2-Higgs doublet models (2HDM), in the MSSM and in the NMSSM. This is a unique feature of the Y = 0, ±2 hypercharge, triplet-extended scenarios.
• Singlet Higgs production: The singlet in this model is not charged under any of the gauge groups, and hence the direct production of such a singlet at the LHC is impossible. Gauging this additional singlet with the inclusion of an extra additional U (1) gauge group would open new production channels via the additional gauge boson (Z ). Most of the extra Z models get a bound on the Z mass, m Z > ∼ 2.79 TeV [44] which makes such channels less promising at the LHC. In our case such a singlet type Higgs boson would only be produced via mixing with the Higgs bosons of doublet and triplet type.
Decays
The smoking gun signatures for the model would be the decays of the doublet, triplet and singlet states that are produced. Different F-term contributions can generate these types of mixing and corresponding decay vertices. We list all the vertices in the gauge basis in appendix B. The vertices in the mass eigenstate basis can be found by the rotations given in Eq. (B.1). Figure 15 . The new and modified decay channels of the Higgs bosons at the LHC.
• Higgs decays to Higgs pairs: The candidate Higgs around the 125 GeV mass in this case can decay into two hidden Higgs bosons if this channel is kinematically allowed as can be seen in Figure 15 (a). Such hidden Higgs boson(s) could be both scalar and pseudoscalar in nature. The discovered Higgs is however 99% CP-even [2] , which forbids any CP-violating decay of the nature h 125 → a i h j . However, the CP-conserving decays like h 125 → a i a j and/or h 125 → h i h j are allowed. Such decays should be carefully investigated on the basis of the current Higgs data at the LHC. If the two light Higgs bosons are mostly singlet or triplet, then it is easy to evade the bounds from LEP [6] . As we have already pointed out, a singlet Higgs does not couple to any of SM gauge bosons and even the triplet type does not couple to the Z boson. Such a light Higgs boson could decay into τ pairs only through the mixing with the doublet type Higgs bosons, since neither the singlet nor the triplet couple to fermions (see Eq. (2.2)). The mixing angle is also constrained by data on bottomonium decay, for a very light neutral Higgs boson (< ∼ 8 GeV) [29] . The decay of a Higgs boson into other Higgs bosons depends on the cubic coupling, which is proportional to the vevs of Higgs fields, and thus it is very sensitive to the values of v i . It is therefore requires an analysis of the allowed decay widths of the Higgs boson into a light Higgs pair using LHC data [40] .
• Higgs decays to W ± W ∓ : The triplet couples to W ± via its non-zero SU(2) charge which is at variance respect to the analogous coupling of the doublet, as can be seen in Eq. B.2. This will modify the decay width of h i → W W (Figure 15(b) ). The recent data show that there is some disagreement and uncertainties between the CMS [1, 2] and ATLAS [3] results in the h 125 → W W * channels. The measurement of this decay channel thus becomes even more crucial under the assumption of a triplet mixture.
• Charged Higgs decays to Z W ± : We know that the triplet type charged Higgs has a non-zero tree-level coupling to Z W , for a non-zero triplet vev, as shown in Figure 15 (c). This opens up the possible decay modes h ± i → ZW ± , which are absent in the 2HDM and in the MSSM at tree-level.
• Charged Higgs decays to h j (a j )W ± : A doublet or triplet type Higgs boson can decay to a lighter neutral Higgs and a W ± (Figure 15(d) ). A possibility of a very light triplet-singlet-like neutral Higgs makes this decay mode more interesting compared to the case of the CP-violating MSSM [45] .
• Higgs decays to a j Z: In the MSSM the odd and heavy Higgs bosons are almost degenerate, so h i → a j Z is not kinematically allowed. The introduction of a triplet and of a singlet adds two more massive CP-odd Higgs bosons, and the degeneracy is lifted. In this case we have a relatively lighter CP-odd Higgs state a i which makes h i → a j Z possible, as shown in Figure 15 (e). This scenarios is also possible in the context of the CP-violating MSSM, where we have a very light pseudoscalar Higgs boson due to the large mixing between the Higgs CP eigenstates [46] and in the NMSSM, for having an additional scalar [10] .
• Higgs decays to fermion pairs: In a scenario where a triplet or/and singlet type Higgs boson decays to gauge bosons and other Higgses are kinematically forbidden, the only permitted decays are into light fermion pairs, viz, bb, τ τ and µµ. Even such decays are only possible by a mixing with doublet type Higgs bosons. When such mixing angles are very small this can results into some displaced charged leptonic signatures.
Possible signatures
The unusual production and decay channels lead to some really interesting phenomenology which could be tested in the next run of the LHC and at future colliders. From the testability point of view, one could use the data form the discovered Higgs boson ∼ 125 GeV in order to get bounds from the Higgs decaying to Higgs boson pair [40] , or the existing bounds from LEP [6] for two Higgs bosons productions. We have already taken into account these bounds by ensuring that the hidden Higgs boson is mostly of singlet or of triplet type. Given the uncertainty in the Higgs decay branching fractions in different modes and the absence of direct bounds on the non-standard decays of Higgs boson to Higgs boson pair (h 125 → a i a j /h i h j ), this remains phenomenologically an interesting scenario. Below we list different possible signatures that could be tested in the LHC with 13/14 TeV.
• The singlet and doublet F-terms generate the doublet-triplet-triplet vertex which is proportional to λ S λ T S and λ 2 T . This would provide a signature of a doublet type Higgs decaying into two triplet type Higgs bosons, which, in turn, do not decay into fermions. Similarly the F-terms of H u and H d generate vertices involving tripletsinglet-doublet which are proportional to λ T λ S . The F-term of triplet type also contributes to this mixing, which is proportional to λ T λ T S . Thus the relative sign between the two contributions become important. The vertex is given in Eq. B.6.
In the case of a ∼ 125 GeV Higgs boson, this can decay into two triplet-like hidden scalars or pseudoscalars, which in turn decay into off-shell W ± s only. This type of decays can be looked for by searching for very soft jets or leptons coming from the off-shell W ± s. The signatures could be the 4 + p T or 4j + 2l+ p T channels, where the jets and the leptons are very soft. On the other hand, both the triplet and the singlet hidden Higgses can decay to fermion pairs (bb, cc, e + e − , µμ, ττ ) via the mixing with doublets. The recent bounds on these non-standard decays has been calculated for the LHC [41] . Such decays give 4 , 2b + 2 final states, where the leptons are very soft. For the triplet type hidden Higgs bosons it would be interesting to analyze the competition between the four-body and the two-body decays (which depend on the triplet-doublet mixing). Demanding for the presence of softer leptons and jets in the final states, allows to reduce the SM backgrounds at the LHC. If the mixing is very small, this could lead to displaced charged leptonic final states, similar to those of a Higgs boson decay in a R-parity violating supersymmetric scenario [47] . Due to the coupling both with the up and the down type doublets, this coupling could be tested both at a low and a high tan β.
• The singlet does not contribute to charged Higgs mass eigenstates, so the charged Higgs bosons could be either of doublet or triplet nature. In the case of a heavy doublet type, the heavier charged Higgs can decay to a triplet type a neutral Higgs (CP even or odd) and a triplet type charged Higgs (H
The lighter triplet type charged Higgs then mostly decays into on-shell or off-shell Z W ± . This is a generic signature for Y = 0, ±2 hypercharge triplets with non-zero triplet vev, which breaks the custodial symmetry of the Higgs potential. The relatively lighter triplet (either CP-odd or even) neutral Higgs can decay via an on/off-shell W ± boson pair, which leads to leptonic final states. The final states with multi-lepton(> 3 ), multi-jet(> 4) and missing energy, could be the signature for this model. Depending on the off-shell decays, few leptons or a jet could be softer in energy.
• In other cases a triplet type heavier charged Higgs can decay into a doublet type neutral Higgs and a triplet type charged Higgs. These couplings are proportional to (
and can give rise to 3 + 2b+ p T and 3 + 2τ + p T final states. Here the b and τ pairs expected from the neutral doublet type Higgs boson decay.
• Unlike to the neutral Higgs bosons, the up and down type charged Higgs bosons doublet only mix with the triplets. The couplings are again proportional to a combination of λ S λ T and λ T λ T S . In this case the doublet (triplet) charged Higgs state will decay into a triplet (doublet) charged Higgs and a singlet neutral Higgs boson. As the singlet is not coupled to any SM particles, it can only decay through mixing with doublets and triplets. Decays of such singlets to leptons (in the case of mixing with doublets) and off-shell or on-shell W ± -pair will be determined by the mixing only. In a fine-tuned region where such mixing is very low this decay channel can lead to a displaced vertex of charged leptons, whose measurement can give information about such a mixing.
Discussions and Conclusions
In this paper we have considered a scenario with an extended Higgs sector characterized by a Y = 0 hypercharge SU (2) triplet and a gauge singlet superfields, along with the remaining MSSM superfields. The triplet vev is restricted by the ρ parameter, hence the µ eff is generated spontaneously mostly by the singlet vevs. In models with gauged U (1) symmetry the singlet could be invoked in the mass generation of the extra gauge boson Z by spontaneous symmetry breaking. This would require a large singlet vev v S , due to the recent bounds on extra Z coming from the analysis at the LHC [44] . We have first investigated the masses of the Higgs sector of the model at tree-level. The lightest tree-level Higgs state, in this case, is not bounded to lay below M Z , due to the additional contributions from the triplet and the singlet, which are proportional to their respective couplings and are enhanced at low tan β. This allows to reduce the size of the quantum correction needed in order to reach the ∼ 125 GeV at one-loop, compared to the MSSM or to others constrained MSSM scenarios. Then we have extended our analysis at one-loop level. The one-loop Higgs with mass around ∼ 125 GeV puts some indirect bounds on the masses of the particles contributing in the radiative corrections. For this purpose we have included the one-loop contributions using the Coleman-Weinberg potential. We have also presented results for the neutralino, and charginos spectra, together with the stop and sbottom mass matrices. We have calculated full one-loop Higgs masses considering all the weak sectors and the strong sectors. We also showed that the gauge boson-gaugino-higgsino sectors mostly contribute negatively to the mass eigenstates, while the stop-top, sbottombottom and Higgs sectors contribute positively. Due to the large number of scalars, seven neutral and three charged Higgs bosons, the Higgs self corrections can be larger than the strong corrections in the large λ T,S limit. This substantially reduces the indirect lower bounds on the stop and sbottom masses. Thus in TNMSSM the discovery of a ∼ 125 GeV Higgs boson does not put a stringent lower bound on the stop and sbottom masses, and one has to rely on direct search results for the lower bounds on the SUSY mass scale.
We have implemented the model in SARAH3.5 [26] in order to generate the vertices and other model files for CalcHEP [27] . The beta-functions have also been generated at oneloop. We have addressed the issues of perturbativity of the couplings at the higher scale, as we have run the corresponding renormalization group equations from the electroweak scale up. This has shown that the couplings of the model at the electroweak scale need to be restricted to certain values. For example, even with a value of λ T,S ∼ 0.8 at the electroweak scale, the theory remains perturbative up to 10 8−10 GeV. Setting all the couplings at a value (λ T S ∼ 0.8, κ ∼ 2.4) the upper scale in the perturbative evolution gets lowered to 10 4−6 GeV. The issue of fine-tuning at the electroweak scale has been discussed in this context. We have seen that although the tree-level mass spectrum is highly fine-tuned for larger λ T,S , the amount of fine tuning is reduced after the inclusion of the radiative corrections.
The prospects for hidden Higgs(es), which are scalars and/or pseudoscalars of mass lower than the current Higgs mass, has been discussed quite thoroughly. We have seen that in the rich Higgs spectrum of the model there are several possibilities for having one or more hidden neutral Higgs bosons ( 125 GeV) both CP-even and CP-odd. A special scenario emerges when we break the continuous U (1) symmetry softly by the parameters A i . This leads to the appearance of a very light pseudoscalar state of O(1) GeV to O(1) MeV in mass, which has its own interesting phenomenology.
Finally, we have discussed the doublet-triplet-singlet mixing which influences the productions and decays of neutral and charged Higgs bosons at the LHC. The existence of a h ± i −W ∓ −Z tree-level vertex, due to the triplet, impacts both the production as well as the decay channels of the charged Higgs bosons [15] . In the presence of a light pseudoscalar, the h i → Za j channel is a possibility due to the very light mass of the pseudoscalar(s). Both the triplet and the singlet states do not couple to the fermions, which leads to some very interesting phenomenology. This property also has an impact on rare decays like b → µµ and b → sγ [12, 31] . Given the rich phenomenology and the specific predictions of this model, the current analysis at the LHC and future colliders could be able to test and shed a light on this scenario by looking at its interesting signatures.
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A RG equations
We list the RG equations at one-loop for the dimensionless coupling λ T,S,T S , κ, g Y , g L , g c , y t,b . Here t = ln µ µ 0 , where µ is the running scale and µ 0 is the initial scale. 
B Higgs Vertices
The Higgs boson vertices are given in the gauge basis and the vertices in the Higgs boson mass basis can be obtained by the rotation defined in in Eq. (B.1). R S ij is the rotation matrix for CP-even neutral Higgs boson and H i = (H 0 u,r , H 0 d,r , S r , T 0 r ), h i = (h 1 , h 2 , h 3 , h 4 ) are the CP-even neutral Higgs bosons in the gauge and mass basis respectively. For the pseudoscalar we used the rotation matrix R P which rotates the CP-odd neutral Higgs boson from their gauge basis, A i = (H 0 u,i , H 0 d,i , S i , T 0 i ) to the mass basis a i = (a 0 , a 1 , a 2 , a 3 ). R C is the corresponding rotation matrix that rotates the gauge basis H 
